_ecture 3 Deep Feedforward
Networks

Deep Learning (REZ)



Three Steps for Deep Learning

Step 1:

e

Deep Learning is as simple as linear model......




Overview

* Model Architectures
« Artificial neurons
 Activation function and saturation
 Feedforward neural nets

* How to train a neural net
» Loss Function Design
* Optimization
» Gradient Descent and Stochastic Gradient Descent
 Back-propagation
 Advanced Training tips



The Perceptron

* Invented in 1958 by Frank Rosenblatt
* Inspired by neurobiology



Artificial Neuron

« Each neuron is a very simple function
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*Pre-activation: z(x) = Y, w;x; + b=wlx + b
- Output activation: a(x) = f(z(x)) = f(wTx + b)

f (): nonlinear activation function

w: weight
b: bias term




Artificial Neuron

 Output activation

a(x) = f(z(x)) = f(wTx + b)

Range is
determined
by g(+)
Bias only changes
the position of the

riff

(from Pascal Vincent's slides)



Activation Function

e LInear activation function

« Sigmoid activation function )
« Hyperbolic tangent activation function Non-linear
« Rectified linear (ReLU) activation function (~ fonction.
« Softmax activation function frequently
— used in
deep neural

networks.



Linear Activation Function

* No input squashing
* No nonlinear transformation

fz) =z

* Why non-linearity?
« Without non-linearity, deep neural networks work the
same as linear transform
e W, (Wy.x) = (W Wo)x = Wx
* With non-linearity, networks with more layers can
approximate more complex function



Sigmoid Activation Function

« Squashes the neuron’s output to (0,1)
* Bounded

« Strictly increasing )

f(2)=0(2) = 1+ exp(—2z)




Hyperbolic Tangent (“tanh”) Function

« Squashes the neuron’s output to (-1,1)
« Can be positive or negative

* Bounded

e Strictly increasing

f(z) = tanh(z) & exp(2z) — 1

exp(2z) +1




Rectified Linear Activation Function
(ReLU)

* Tends to produce units with sparse activities
* No upper-bound 1B=
* Increasing

f(z) = reclin(z) £ max(z, 0) —"/

* ReLU variants:
* Shift ReLU: max(—1, z) .
* Leaky ReLU: max(0.1z, z) ,
e Parameter ReLU: max(uz, z) %
« Exponential Linear Units: max(z u(exp(z) — 1))
« Maxout: max(w{ z + by,w.z + b,)




Softmax Activation Function

* In multi-class classification (C classes), we need to
e generate multiple output: z € R® (in vector form)
« estimate the conditional probability of each class:

p(y = i|z) = ——

dic €Xp Z¢

e Strictly positive
e Sum up to one

T
exp z, exp Zc

Dc€XPZs Do €Xp Zc

f(z) = softmax(z) =



Characteristics of Activation Functions
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Capacities of a Single Neuron

* Solve linearly separable problems

0R (x1,x2) AND (xq,X3)
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Capacities of a Single Neuron

 Can’t solve linearly inseparable problems




[B
How to implement XOR? &

A A
[ 0 | I>c AB

AB+AB=A®B
:Z>_o@1=1

5] Bll>° 5 AB

= =0 | O
= O = | O |
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AXORB =AB' + A'B

Multiple operations can produce more complicate output



Neural Network

+ —o(z)—
1 \—\‘» + —»B‘» + —o(z)—
Nvandvs

_|_
I “Neuron”

Neural Network

Different connection leads to different network
structures

Network parameter 9: all the weights and biases in the “neurons”



Multilayer Feedforward Neural Networks

« Each neuron in one layer has
directed connections to the
neurons of the subsequent
layer

* Information propagates from
Input x to output f(x),
through many hidden layers




Expressions of Multi-Layer Neural Network

Continuous function w/ 2 layers Continuous function w/ 3 layers

hy(x,. X,)
] "
0.8 1
0.6 1
04 A
0.2 -
0

Multiple layers enhance the model expression -> the model can
approximate more complex functions



Setting the Number of Neuros and Layers

« More neuros = more capacity
* More layers = more capacity

3 hidden neurons 6 hidden neurons 20 hidden neurons




Fully Connect Feedforward Network

neuron

Input Layer1 Layer 2 Layer L Output




Example Application

Input
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Each dimension
represents the confidence

of a digit.




Example Application

« Handwriting Digit Recognition

Xl yl is1

[ i H 2
= Neural » 2 .
i | Network

Xass What is needed is a VAt isO
function ......
Input: output:
256-dim 10-dim vector

vector



Example Application

Layer 1  Layer 2

" A functlon set containing the
candidates for

You need to decide the network structure to
let a good function in your function set.



Input Layer 1  Layer 2 Layer L  Output

% i - N — v
FAQ xz% % ...... % | —— Y5
X D ... o Y

Input = = ~  Output
Layer Hidden Layers Layer

* Q: How many layers? How many neurons for each

layer?
Trial and Error ks

 Q: Can the structure be automatically determined?
* E.g. Evolutionary Artificial Neural Networks

 Q: Can we design the network structure?

Convolutional Neural Network (CNN)



Notation Definition

Layer| -1
N,_,nodes

Output of a neuron:

a, |////»Iayer|
2 _IP ai .
a —— neuron|

Layer |

N,nodes

output of one layer— a vector




Notation Definition

layer | -1
1 1 o / to layer |
1 . .
5 5. 1] _from neuron j (layer I-1)
3 to neuron i (layer I)
2
<—j\rﬂ_ >
e E I —
: _ Wiy Wi
J | — WI . [ [ .
5! = | W21 Wao N
Layer | -1 Layer |

weights between two layers
N,_;nodes N,nodes — amatrix




Notation Definition

Layer | -1
N,_,nodes

Layer |

N,nodes

bi' - bias for neuron i
at layer |

bl — |l

[/

bias of all neurons at each
layer— a vector




Notation Definition

L+ input of the activation function
for neuron i at layer |

=wha T wla Tt LU

Ni_1
I I—1 l
- 2, = E w%jaj + b;
, El activation function

layer| < = |%;| Inputateach
layer— avector




Notation Summary

ail : output of a neuron wij : aweight
9! : output vector of a layer Wl : a weight matrix

Z! : Input of activation h! :abias

' function i

ZI . Input vector of activation bl . a bias vector
function for a layer



Neural Network Formulation
f:RN > RM
Fully connected feedforward network

Input Layer1 Layer2 LayerL Output
il W2yt whopt

...... ©—>y1

I T | | ' B
oWz +b) o(W?a' +°) o(W Lal=1 by =

y = f(x) = O'(WL o G‘(WQO'(Wl.fU +b') + bz)... + b



Function = model parameters
Forward propagation

y=f(z)=o(Wh - o(Woo(W'z+b') +b7)... + b)

Different parameters W and b — different functions

Formal definition:

f(x; 0); H — {W1; bl) WZ; bzi'“;WL) bL}

Pick a function f = pick a set of model parameters 6



Training
« Empirical risk minimization J(0)

1
ATOo 1TMIN — G g a1 (t)
a.lbémn 7 Et i(j(x :0),y"") + AQ(0)

v o (O N J

Loss function Regularizer

e Learning Is cast as optimization
 Find a model parameter set that minimize J(6)

* Loss function can sometimes be viewed as a surrogate for what
we want to optimize



L_oss Function

* In discriminative model (¥ 5#=#)), model y|x.

* Learning the maximum likelihood, equivalently the
Ccross entropy between training data and model
distribution:

l(@) x y~DatalOg p(ylx)

* The specific form of loss function depends on the

model distribution p(-)



|_oss Functions

* Loss function evaluates the performance of our
model, it Is chosen according to the output units
*Normal: y = wlx + b
 Bernoulli: § = o(w'x + b)
 Multinomial: ¥ = softmax(W”x + b)
* Consider regularization Q(8)

* Equivalent form of Loss function: ] = I(y,y) +
10(6)



Frequently Used Loss Functions

e Square loss
l(y’j;) — (y _5;)2
* Hinge loss
l(y'j;) — max(O, 1- yY)
* Logistic loss
[(y,5) = log(1 + exp(=¥y))
* Cross entropy loss

[(y,y) = —ylogy — (1 — y)log(1 — )



How to Train Multilayer Neural Nets?

e Learning is reduced to optimization.
* Given a loss function J(6) and several parameter sets
 Find a model parameter set that minimize J(0)



Overview

* Model Architectures
* Artificial neurons
 Activation function and saturation
 Feedforward neural nets

* How to train a neural net
* Loss Function Design
 Optimization
 Gradient Descent and Stochastic Gradient Descent



Gradient Descent for Optimization

Assume that & has only one variable

Qi : the model at the I-th iteration

J(6)

Idea: drop a ball and find the position
where the ball stops rolling (local minima)




Gradient Descent for Optimization

Assume that & has only one variable

Randomly start at Y

4/(6°), 1 _ . dj(6°)

J(0) Compute ———=: 6% « % —n——
4J6Y) 52 g1 _ (61

Compute ——— e 10« 0" —n e

9i+1 — Hi . T]Vg](@l)

n 1s “learning rate”

: 0



Gradient Descent for Optimization

Algorithm
Initialization: start at 8°
while(8@+D) + gi)

7J (62)  compute gradient at 6
update parameters
Ot « 6t — V] (6Y)

=P Gradient

=P Movement 7] (63) 3

01



Revisit Neural Network Formulation

Input  Layerl Layer2 Layer Output
L wiast w2 wk et




Gradient Descent for Neural Network

y = f(x) = O'(WL ‘e O‘(WQO'(WliU + bl) + bz)... + bL)
o — {Wl,bl,WQ,bQ, . ..WL,bL}

- - - - Algorithm
R G PR P :l Initialization: start at 6°
W= |wh, w, b = |b; while(86+D) % g%)
. . _ {

i N - - compute gradient at 6
] update parameters
9)(6) PEEE R .
ow}; | 0!t < 0 — V] (6")

vj@) =] :
aJ(6)
db!




Gradient Descent for Optimization
Simple Case

y=f(z;0) =oc(Wz+)
6 ={W,b} = {wy, ws, b}

X1

1

Vo] (6) =

Wl
X, W, +y
b

0J(0)]
dwy

0J(6)
adw,

0/(8)

L db

|

Algorithm
Initialization: start at °
while(8@+D) # i)

{
compute gradient at 8
update parameters
SRR 1 CD
9J(6")
, . aW]_
witl wi :
, , a6t
Wé+1 — Wé — n ]( )
bi+1 bi aWZ.
aj(6Y)
. 9p
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Xl Wl
To compute the Gradients|x, W z
>

1
* If square loss

ey =0Wx+b) =o0c(w;x; + wyx, +b)
*J(0) = (c(Wx + b) — y)?
O _ 2(0(Wx + b) — y*l —o(Wx + b))a(Wx + b)xl

owy
+ 2D = 2(0(Wx +b) — y)(1 — oWx + b))o(Wx + b)x;
2
o—a’g(be) — Z(O'(WX + b) — y)(l — O-(Wx + b))O-(Wx + b)
Algorithm

Initialization: start at 8°
while(6(+D) # g1)
{compute gradient at '
update parameters
9i+1 - Hi _ 77\76](9i) }




Gradient Descent for Neural Network

y = f(x) = O'(WL e O‘(WQO'(WliU + bl) + bz)... - bL)

H— {Wl,bl,WQ,bQ, . ..WL,bL}

.1
’ “”111 “’}2
W = W W

vj(6) =

9/ ()

!
ow;;

0] ()
ob!

l

b =

"

(/

Algorithm

Initialization: start at 6°

while(8+D) £ gi)

{
compute gradient at 6°
update parameters

} 0i+1 - Hi _ nvej(ei)
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Gradient Computation: Sigmoid Unit

f@) =0 f'(@) = o(@)(1




Gradient Computation: Tanh Unit

* f(z) =tanh(z) = 20(2z) —
]1C(an)d tanh’(g))z 1— f(2)*

* tanh(z) approximates linear
function when z Is small

« Often it Is preferable to
sigmoid in feedforward
neural nets (zero-centered)

* Problem: still kill gradient
when saturated ®

[LeCun et al., 1991]



Gradient Computation: RelLLU

* f(z) = max(z,0)
! 11, z=0
fz) = 0, o.w.

* Models are easier to optimize if
their behavior is close to linear

« Converge much faster than
sigmoid and tanh in practice (6x
faster)

 Not differentiable at z = 0, but it
IS not a problem in practice

* Not zero-centered

. Fcrlagile during training and can
1 Ie”

[Krizhevsky et al., 2012]



Gradient Computation: Leaky RelLU

* f(a) = max(z,0
f'(@) —T 001

 Will not die
e Parametric ReLU

* f(2) = max(z, uz) R %
$f1(2) = { = 0

U, 0. w.
 Update u through backpropagation

[Mass et al., 2013]
[He et al., 2015]



Gradient Computation: Exponential
Linear Unit (ELU)

AV

*f(2) = {‘u(ez —1)

1,z=20

fi(2) = {,uez,o.w.

* All benefit of ReLU
* Almost zero-centered
* Compute exp() ®

f(x)

[Clevert et al., 2015]



Gradient Computation: Maxout

*f(z) = max(wyz + by,w,z + b,)
* Generalization of Leaky ReLU and ReL. U
* Double the number of parameters

AIRA
vOQ00

Figure 3. An MLP containing two maxout units can arbi-

trarily approximate any continuous function. The weights
in the final layer can set g to be the difference of hy and h.,.
If z; and =2 are allowed to have arbitrarily high cardinal-
ity, Iy and h2 can approximate any convex function. ¢ can
thus approximate any continuous function due to being a
difference of approximations of arbitrary convex functions.

Goodfellow, 1., Warde-Farley, D., Mirza, M., Courville, A., & Bengio, Y. (2013, May). Maxout networks. In International Conference on Machine Learning (pp.
1319-1327).



Softmax

* Cross-entropy:

H(p,q) = — z p(x)log(q(x))

« In multiclass classification, "
y =10,0,0,...,0,1,0,0, ... O]T € R,
Then
J=H(y,h) = —logh,

_r _exp(zy) . .
where h; = f;(z) = S exp (o) Py =ilz),1<i
< C.




Softmax

+VyJ = [0, ...,0,—R,,0, ..., 0]

T
) =(5) Vol = —h—1y\7hy(z) = — (e, —h)

Jang, E., Gu, S., & Poole, B. (2016). Categorical reparameterization with gumbel-softmax. arXiv preprint arXiv:1611.01144.



In Practice

* For forward nn
» Use RelL.U, be careful with the learning rate
* Tryout Leaky RelLLU, ELU and Maxout
* Tryout Tanh with low expectation
* Never use sigmoid



Gradient Descent for Neural Network

y=f(x)=c(Wrt-..o(W?e(W'z +b") +b)... + b")

H— {Wl, Bl w2 b2, WL,bL}

- - - Al_g_or_ithr_n
Wi wig * ' Initialization: start at §°
wli=|ub wl, | b= |0l while(8(+D + 6i)
) _ {
- il - - compute gradient at 6°
o) = [m,aj(g),.”,a](g),m_T up@ate parémeters |
oWy ob; | \ Ot — 9 — nVyJ(6Y)

To compute the gradients of millions of parameters efficiently, we use
backpropagation.

59



Gradient Descent Issue

« After see all training samples, the model can be
updated slowly:.

* It Is too expensive to compute the full gradient

Thus, we have stochastic gradient descent (SGD)



Stochastic Gradient Descent

Fort = 1,2,3, ... (epoch means one pass over the full training
set)

samplei € {1,2, ...,n}
s = VI(f(xV,00),yD) + ara(eW)
9(t+1) — H(t) —1n-Ss

« Computing stochastic gradient is much cheaper than
full gradient



Gradient Descent v.s. SGD

Gradient Descent

Update after seeing all examples

-0.1 0.0 0.1 0.2 0.3 0.4 0.5 0.6

b
SGD approaches to the target point faster than gradient descent

Stochastic Gradient Descent

If there are 20 examples, update 20
times in one epoch.

See only one
example

-0.1 0.0 0.1 0.2 03 0.4 0.5 0.6 0.7

b



Mini-Batch SGD

Algorithm 8.1 Stochastic gradient descent (SGD) update at training iteration k

Require: Learning rate €.
Require: Initial parameter 6
while stopping criterion not met do
Sample a minibatch of m examples from the training set {z'V), ... 2 "™} with
corresponding targets y( %,
Compute gradient estimate: g +71,1ng1- L(f(z;8),4?)
Apply update: 8 «+— 0 —€g
end while




Handwriting Digit Classification

Training speed: mini-batch > SGD > Gradient Descent

Accuracy *~Training Time

%)
-
-
o
W
oY
W

Y ala a’e
F 000
- SN

Gradient Descent




Big Issue: Local Optima

* Neural networks has no guarantee for obtaining
global optimal solution

» Saddle points

F~0.5 2

Global minimum

Local minimum

Advanced practical tips (to be presented in the
last lecture)



Summary: How to Train Multilayer
Neural Nets?

* Define the loss function I(, ) properly

* A procedure to compute loss I(,) (forward
propagation)

* A procedure to compute gradient VI(,) (back
propagation)

* Regularizer and its gradient Q(,) and VQ(,)
 Perform gradient based optimization method




Forward/Backward Propagation

class ComputationalGraph(object):
Wies
def forward(inputs):
# 1. [pass inputs to input gates...]
# 2. forward the computational graph:
for gate in self.graph.nodes topologically sorted():
gate.forward()
return loss # the final gate in the graph outputs the loss
def backward():
for gate in reversed(self.graph.nodes topologically sorted()):

gate.backward() # little piece of backprop (chain rule applied)

return inputs gradients



Overview

* Model Architectures
* Artificial neurons
 Activation function and saturation
 Feedforward neural nets

* How to train a neural net
* Loss Function Design
 Optimization
 Gradient Descent and Stochastic Gradient Descent
 Back-propagation



Forward v.s. Back Propagation

e In a feedforward neural network

o forward propagation
o from input x to output y information_flows forward through the network

o during training, forward propagation can continue onward until it produces a
scalar cost J(6)

> back-propagation
> allows the information from the cost to then_flow backwards through the

network, in order to compute the gradient
R
X1 cee - yl
XN e - yM
[

o can be applied to any function



Chain Rule
Aw — Ax — Ay — Az

dz  0z0yox
ow  dydxdw
= /') @) (w)

forward propagation for loss (cost)

.~ N\

= f'(f(f(w) ' (f(w))f'(w)
— o~

back-propagation for gradient




Gradient Descent for Optimization

y=f(z) =Wt ..o(Wia(Wlx +bt) +b%) - + bh)

_ 1l 12 32 L 3L
9_{W 00, W2 0%, Wb } Algorithm

A T : Initialization: start at 8°

w Wi ) . .
wl= lul wh | 6= |3 while(6¢*1) + 67)

why why 3 {

compute gradient at 6°
update parameters

a/(0) i+1  pgi _ i
} 0 6° —nVeJ(6°)

vj@e) =| :
d/ ()
ob!

l
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d/(0)
0z}

l

dJ(6) 8J(9) 9z

5 Z . the propagated gradient
1

awil]._ azil aWilj * corresponding to the I-th layer
Layer L
Layer |-1 Layer | Layer |+1 (output layer)
1 1 see —] 1 —
[+1 5'—
| 1
2 2 v — 7, .
Ol
| 'k .. — N —
|+1 L
. 5kJr 5n
) 2 e o P

Idea: computing &§° layer by layer (from 6% to §1) is more efficient




5o _

l [
azi

Idea: from Lto 1
(1) Initialization: compute 6~
(2) Compute 6! based on§t+l



5o _

l [
azi

Idea: from L to 1l
(1) Initialization: compute &

l aZlL Oyl aZlL

9]
0Yi

depends on the loss function

st =V](y) © Va(z")



5o _

l i
azi

(2) Compute &' based on g1

AZ;H
A ZI2+1
T T ‘oA
AzZ'— Aa" LR — s AJ
I | Zk .....
. 0] d] 0zt*'dal
0 =7 = I+1 e,
0z d0z,"~ da; 0z

ETx
da a] 0zt
a aZilZ(aZ]l:l 6af ) 5]+1
&

Layer |+1




5o _

l i
azi

(2) Compute 6! based oné'*1

_ 0a; d/ az,l(“)
l

i

sl=_21
l aZil dzit1 da
K

l

— _aai Sl1y, L+l

927! e Whi
Z

k
— (.1 l+1,., 01+1
= Vai(Zi)z 5]( Wi
k

Layer |+1




5o _

l [
0z;

Rethink the propagation &/ = Va; (Zil)z Sic wit!
k

> input

1 I+11
51' 0,
2 2
5% . 5;_1:
i bk
5_| . 5I+1 ] |4
|I : S : ki /
S5 5+ multiply a
Layer | Layer |+1 constant

st =va(z)) © (Wl+1)T5l+1



0J(O) _ 0)(0)_0)(6) 97
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3] i ow;; 0z; Owy;
l

Idea: from Lto 1
st =1](y) O Va(z")

(1) Initialization: compute 6~
(2) Compute 6 based ond™ 51 _ o1 @ (wi1) s+

Layer L
Layer I+1 (output layer)
. —_— ] —
L
e
2 . 2 —
5I2+1: 52
k ve. — N —
I+1 L
5k : 5n

B [l ot]




2J(6) 8j(6) 3z}

. [ — l l
Backpropagation Iwij  0z; 0wy
( _ Layer | Layer I+1
07 [—1
; _ )4 > .
8“w?:j T =1 ;
Forward Pass

2t = lezr +b al=oh)| !

= w1 1o ol =o(2)




dJ(0) 8J(9) 0z}

. [ — l l
Backpropagation dwij  0z; dwy;
a](g) _ 51 Layer | Layer |+1
l o l | +1 2
Backward Pass
5' I+1
St =vj(y) © Va(zl) 2 2 ‘

§L1 = va(z) © (Wl+1)T5l+1

. T
51 — Va(zl) @ (Wl+1) 5l+1 5| 5|+1



Reading Materials

« Automatic Differentiation in Machine Learning: a
Survey (2015)



https://arxiv.org/pdf/1502.05767.pdf

Summary: How to Train Multilayer
Neural Nets?

* Define the loss function I(, ) properly

* A procedure to compute loss I(,) (forward
propagation)

* A procedure to compute gradient VI(,) (back
propagation)

* Regularizer and its gradient Q(,) and VQ(,)
 Perform gradient based optimization method




Summary

* Model Architectures
* Artificial neurons
 Activation function and saturation
 Feedforward neural nets

* How to train a neural net
* Loss Function Design
 Optimization
 Gradient Descent and Stochastic Gradient Descent
 Back-propagation



