
Lecture 3 Deep Feedforward
Networks

Deep Learning (深度学习)



Three Steps for Deep Learning

Step 1: 
define a 

set of 
function              

Step 2: 
goodness 

of 
function

Step 3: 
pick the 

best 
function

Deep Learning is as simple as linear model……

Neural 

Network



Overview

•Model Architectures
• Artificial neurons

• Activation function and saturation

• Feedforward neural nets

•How to train a neural net
• Loss Function Design

• Optimization
• Gradient Descent and Stochastic Gradient Descent

• Back-propagation

• Advanced Training tips



The Perceptron

• Invented in 1958 by Frank Rosenblatt 

• Inspired by neurobiology 



Artificial Neuron

•Each neuron is a very simple function

•Pre-activation: 𝑧 𝑥 = σ𝑖𝑤𝑖𝑥𝑖 + 𝑏 = 𝑤𝑇𝑥 + 𝑏

•Output activation: 𝑎 𝑥 = 𝑓 𝑧 𝑥 = 𝑓(𝑤𝑇𝑥 + 𝑏)

𝑓(⋅): nonlinear activation function

𝑤: weight

𝑏: bias term
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Artificial Neuron

•Output activation

𝑎 𝑥 = 𝑓 𝑧 𝑥 = 𝑓(𝑤𝑇𝑥 + 𝑏)



Activation Function

•Linear activation function

•Sigmoid activation function

•Hyperbolic tangent activation function

•Rectified linear (ReLU) activation function

•Softmax activation function

Non-linear 

activation 

function,

frequently 

used in 

deep neural 

networks.



Linear Activation Function

•No input squashing

•No nonlinear transformation
𝑓 𝑧 = 𝑧

•Why non-linearity?
• Without non-linearity, deep neural networks work the 

same as linear transform
• 𝑊1 𝑊2. 𝑥 = 𝑊1𝑊2 𝑥 = 𝑊𝑥

• With non-linearity, networks with more layers can 
approximate more complex function



Sigmoid Activation Function

•Squashes the neuron’s output to (0,1)

•Bounded

•Strictly increasing

𝑓 𝑧 = 𝜎 𝑧 ≝
1

1 + exp(−𝑧)



Hyperbolic Tangent (“tanh”) Function

•Squashes the neuron’s output to (-1,1)

•Can be positive or negative

•Bounded

•Strictly increasing

𝑓 𝑧 = tanh 𝑧 ≝
exp 2𝑧 − 1

exp 2𝑧 + 1



Rectified Linear Activation Function 
(ReLU)

•Tends to produce units with sparse activities

•No upper-bound

• Increasing
𝑓 𝑧 = reclin 𝑧 ≝ max(𝑧, 0)

•ReLU variants: 
• Shift ReLU: max −1, 𝑧
• Leaky ReLU: max 0.1𝑧, 𝑧
• Parameter ReLU: max 𝜇𝑧, 𝑧

• Exponential Linear Units: max 𝑧, 𝜇 exp 𝑧 − 1

• Maxout: max(𝑤1
𝑇𝑧 + 𝑏1, 𝑤2

𝑇𝑧 + 𝑏2)



Softmax Activation Function

• In multi-class classification (𝐶 classes), we need to
• generate multiple output: 𝐳 ∈ ℝ𝐶 (in vector form)

• estimate the conditional probability of each class:

𝑝 𝑦 = 𝑖 𝐳 =
exp 𝑧𝑖

σ𝑐 exp 𝑧𝑐

•Strictly positive

•Sum up to one

𝐟 𝐳 = softmax 𝐳 =
exp 𝑧1

σ𝑐 exp 𝑧𝑐
…

exp 𝑧𝐶
σ𝑐 exp 𝑧𝑐

𝑇



Characteristics of Activation Functions

•连续可导（允许少数点上不可导）的非线性函数
•参数学习

•激活函数及其导函数要尽可能的简单
•有利于网络计算效率

•激活函数的导函数的值域要在一个合适的区间内
•太大或太小将影响训练的效率和稳定性

•单调递增



Capacities of a Single Neuron

•Solve linearly separable problems
Capacity of a Single Neuron 

•  Can solve linearly separable problems.  
21
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Figure 1.8 – Exemple de modélisation de X O R par un réseau à une couche cachée. En

haut, de gauche à droite, illustration des fonctions booléennes O R (x 1,x 2), A N D (x 1,x 2)
et A N D (x 1,x 2). En bas, on présente l’illustration de la fonction X O R (x 1,x 2) en fonc-

tion des valeurs de x 1 et x 2 (à gauche), puis de A N D (x 1,x 2) et A N D (x 1,x 2) (à droite).

Les points représentés par un cercle ou par un triangle appartiennent à la classe 0 ou

1, respectivement. On observe que, bien qu’un classifieur linéaire soit en mesure de ré-

soudre le problème de classification associé aux fonctions O R et A N D , il ne l’est pas

dans le cas du problème de X O R . Cependant, on utilisant les valeurs de A N D (x 1,x 2)
et A N D (x 1,x 2) comme nouvelle représentation de l’entrée (x 1,x 2), le problème de

classification X O R peut alors être résolu linéairement. À noter que dans ce dernier

cas, il n’existe que trois valeurs possibles de cette nouvelle représentation, puisque

A N D (x 1,x 2) et A N D (x 1,x 2) ne peuvent être toutes les deux vraies pour une même

entrée.

ont été entraînés dans le cadre des travaux de cette thèse contiennent quelques milliers

de neurones cachés. Ainsi, la tâche de l’algorithme d’apprentissage est de modifier les

paramètres du réseau afin de trouver la nature des caractéristiques de l’entrée que chaque

neurone doit extraire pour résoudre le problème de classification. Idéalement, ces carac-
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Les points représentés par un cercle ou par un triangle appartiennent à la classe 0 ou

1, respectivement. On observe que, bien qu’un classifieur linéaire soit en mesure de ré-

soudre le problème de classification associé aux fonctions O R et A N D , il ne l’est pas

dans le cas du problème de X O R . Cependant, on utilisant les valeurs de A N D (x 1,x 2)
et A N D (x 1,x 2) comme nouvelle représentation de l’entrée (x 1,x 2), le problème de

classification X O R peut alors être résolu linéairement. À noter que dans ce dernier

cas, il n’existe que trois valeurs possibles de cette nouvelle représentation, puisque

A N D (x 1,x 2) et A N D (x 1,x 2) ne peuvent être toutes les deux vraies pour une même

entrée.

ont été entraînés dans le cadre des travaux de cette thèse contiennent quelques milliers

de neurones cachés. Ainsi, la tâche de l’algorithme d’apprentissage est de modifier les

paramètres du réseau afin de trouver la nature des caractéristiques de l’entrée que chaque

neurone doit extraire pour résoudre le problème de classification. Idéalement, ces carac-



Capacities of a Single Neuron

•Can’t solve linearly inseparable problemsCapacity of a Single Neuron 

•  Can not solve non-linearly separable problems.  
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Figure 1.8 – Exemple de modélisation de X O R par un réseau à une couche cachée. En

haut, de gauche à droite, illustration des fonctions booléennes O R (x 1,x 2), A N D (x 1,x 2)
et A N D (x 1,x 2). En bas, on présente l’illustration de la fonction X O R (x 1,x 2) en fonc-

tion des valeurs de x 1 et x 2 (à gauche), puis de A N D (x 1,x 2) et A N D (x 1,x 2) (à droite).

Les points représentés par un cercle ou par un triangle appartiennent à la classe 0 ou

1, respectivement. On observe que, bien qu’un classifieur linéaire soit en mesure de ré-

soudre le problème de classification associé aux fonctions O R et A N D , il ne l’est pas

dans le cas du problème de X O R . Cependant, on utilisant les valeurs de A N D (x 1,x 2)
et A N D (x 1,x 2) comme nouvelle représentation de l’entrée (x 1,x 2), le problème de

classification X O R peut alors être résolu linéairement. À noter que dans ce dernier

cas, il n’existe que trois valeurs possibles de cette nouvelle représentation, puisque

A N D (x 1,x 2) et A N D (x 1,x 2) ne peuvent être toutes les deux vraies pour une même

entrée.

ont été entraînés dans le cadre des travaux de cette thèse contiennent quelques milliers

de neurones cachés. Ainsi, la tâche de l’algorithme d’apprentissage est de modifier les

paramètres du réseau afin de trouver la nature des caractéristiques de l’entrée que chaque

neurone doit extraire pour résoudre le problème de classification. Idéalement, ces carac-

•  Need to transform the input into a better representation.  

•  Remember basis functions! 



How to implement XOR?

𝐴 𝑋𝑂𝑅 𝐵 = 𝐴𝐵′ + 𝐴′𝐵

Multiple operations can produce more complicate output

Capacity of a Single Neuron 

•  Can not solve non-linearly separable problems.  
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•  Remember basis functions! 



Neural Network 

 z

 z

 z

 z

“Neuron”

Different connection leads to different network 

structures

Neural Network

Network parameter 𝜃: all the weights and biases in the “neurons” 



Multilayer Feedforward Neural Networks

•Each neuron in one layer has 
directed connections to the 
neurons of the subsequent 
layer

• Information propagates from
input 𝑥 to output 𝑓(𝑥),
through many hidden layers

Feedforward Neural Networks 

‣  How neural networks predict f(x) given an input x: 

- Forward propagation 

- Types of units 

- Capacity of neural networks 

‣  How to train neural nets:  

- Loss function 

- Backpropagation with gradient descent 

‣  More recent techniques: 

- Dropout 

- Batch normalization 

- Unsupervised Pre-training 



Expressions of Multi-Layer Neural Network

Multiple layers enhance the model expression -> the model can 

approximate more complex functions



Setting the Number of Neuros and Layers

•More neuros = more capacity 

•More layers = more capacity
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Example Application

Input Output

16 x 16 = 
256

1x

2x

256x

…
…

Ink → 1

No ink → 0

…
…

y1

y2

y1

0

Each dimension 
represents the confidence 
of a digit.

is 1

is 2

is 0

…
…

0.1

0.7

0.2

The image 
is  “2”



Example Application

•Handwriting Digit Recognition

Machine “2”

1x

2x

256x

…
… …
…

y1

y2

y10

is 1

is 2

is 0

…
…

What is needed is a 

function ……

Input: 

256-dim 

vector

output: 

10-dim vector

Neural

Network



Output 
LayerHidden Layers

Input 
Layer

Example Application

Input Output

1x

2x

Layer 1

…
…

Nx

…
…

Layer 2

…
…

Layer L

…
…

……

……

……

“2”……

y1

y2

y1

0

is 1

is 2

is 0

…
…

A function set containing the 

candidates for 

Handwriting Digit Recognition

You need to decide the network structure to 

let a good function in your function set.



FAQ

•Q: How many layers? How many neurons for each 
layer?

•Q: Can the structure be automatically determined?
• E.g. Evolutionary Artificial Neural Networks

•Q: Can we design the network structure?

Trial and Error Intuition+

Convolutional Neural Network (CNN)



Notation Definition
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Notation Definition
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Notation Definition
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Notation Definition
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: input of the activation function  

for neuron i at layer l
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input at each
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29



Notation Summary

i

z l

i
b l

a l
: output of a neuron

i

al : output vector of a layer

z l : input of activation

function

: input vector of activation b l

function for a layer

: a weight

: a weight matrix

: a bias

: a bias vector



Neural Network Formulation

Fully connected feedforward network

f : R N  R M

Layer 1 Layer 2Input Layer L Output

x1

x2

…
…

…
…

y1

y2

…
…

…
…
……

……

…… yMxN

vector

x

vector

y

= = =



Function = model parameters

Different parameters 𝑊 and 𝑏 → different functions

Formal definition: 

𝑓 𝑥; 𝜃 ; 𝜃 = {𝑊1, 𝑏1,𝑊2, 𝑏2, ⋯ ,𝑊𝐿, 𝑏𝐿}

Pick a function 𝑓 = pick a set of model parameters 𝜃

Forward propagation



Training

•Empirical risk minimization 𝐽(𝜃)

•Learning is cast as optimization
• Find a model parameter set that minimize 𝐽(𝜃)
• Loss function can sometimes be viewed as a surrogate for what 

we want to optimize



Loss Function

• In discriminative model (判别模型), model 𝑦|𝑥.

•Learning the maximum likelihood, equivalently the 
cross entropy between training data and model 
distribution:

𝑙 𝜃 = −𝐸𝑥,𝑦∼Datalog 𝑝(𝑦|𝑥)

•The specific form of loss function depends on the 
model distribution 𝑝(⋅)



Loss Functions

•Loss function evaluates the performance of our 
model, it is chosen according to the output units
• Normal: ො𝑦 = 𝒘𝑇𝒙 + 𝑏
• Bernoulli: ො𝑦 = 𝜎 𝒘𝑇𝒙 + 𝑏
• Multinomial: ෝ𝒚 = softmax 𝑾𝑇𝒙 + 𝒃

•Consider regularization Ω(𝜃)

•Equivalent form of Loss function: 𝐽 = 𝑙 𝑦, ො𝑦 +
𝜆Ω(𝜃)



Frequently Used Loss Functions

•Square loss
𝑙 𝑦, ො𝑦 = 𝑦 − ො𝑦 2

•Hinge loss
𝑙 𝑦, ො𝑦 = max(0, 1 − ො𝑦 y)

•Logistic loss
𝑙 𝑦, ො𝑦 = log(1 + exp −ො𝑦𝑦 )

•Cross entropy loss

𝑙 𝑦, ො𝑦 = −y𝑙𝑜𝑔 ො𝑦 − 1 − 𝑦 log(1 − ො𝑦)



How to Train Multilayer Neural Nets?

•Learning is reduced to optimization.
• Given a loss function 𝐽 𝜃 and several parameter sets

• Find a model parameter set that minimize 𝐽(𝜃)



Overview

•Model Architectures
• Artificial neurons

• Activation function and saturation

• Feedforward neural nets

•How to train a neural net
• Loss Function Design

• Optimization
• Gradient Descent and Stochastic Gradient Descent

• Backward propagation



Gradient Descent for Optimization



𝐽 

 0  1  3

Assume that θ has only one variable

: the model at the i-th iteration

42

Idea: drop a ball and find the position  

where the ball stops rolling (local minima)

 2



Gradient Descent for Optimization



𝐽 

 0  1

Assume that θ has only one variable

Randomly start at 𝜃0

Compute
d𝐽 𝜃0

𝑑𝜃
: 𝜃1 ← 𝜃0 − 𝜂

d𝐽 𝜃0

𝑑𝜃

Compute
d𝐽 𝜃1

𝑑𝜃
: 𝜃2 ← 𝜃1 − 𝜂

d𝐽 𝜃1

𝑑𝜃
…

𝜃𝑖+1 ← 𝜃𝑖 − 𝜂𝛻𝜃𝐽 𝜃𝑖

η is “learning rate”

43



Gradient Descent for Optimization

Gradient

Movement

𝜃1

𝜃2

𝜃3

𝛻𝐽 𝜃0

𝜃0 𝛻𝐽 𝜃1

𝛻𝐽 𝜃2

𝛻𝐽 𝜃3

𝜃1

𝜃2
Algorithm

Initialization: start at 𝜃0

while(𝜃(𝑖+1)  ≠ 𝜃𝑖)
{

compute gradient at 𝜃𝑖

update parameters

}
𝜃𝑖+1 ← 𝜃𝑖 − 𝜂𝛻𝜃𝐽(𝜃

𝑖)



Revisit Neural Network Formulation

Layer 1Input Layer

L

Layer 2 Output

x1

x2

…
…

…
…

y1

y2

…
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…
…
……

……

…… yMxN

vector

x

vector
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Gradient Descent for Neural Network

Algorithm

Initialization: start at 𝜃0

while(𝜃(𝑖+1)  ≠ 𝜃𝑖)
{

compute gradient at 𝜃𝑖

update parameters

}
𝜃𝑖+1 ← 𝜃𝑖 − 𝜂𝛻𝜃𝐽(𝜃

𝑖)

𝛻𝐽 𝜃 =

⋮
𝜕𝐽 𝜃

𝜕𝑤𝑖𝑗
𝑙

⋮
𝜕𝐽 𝜃

𝜕𝑏𝑖
𝑙

⋮



Gradient Descent for Optimization
Simple Case

Algorithm

Initialization: start at 𝜃0

while(𝜃(𝑖+1)  ≠ 𝜃𝑖)
{

compute gradient at 𝜃𝑖

update parameters

}

𝑤1
𝑖+1

𝑤2
𝑖+1

𝑏𝑖+1
=

𝑤1
𝑖

𝑤2
𝑖

𝑏𝑖
− 𝜂

𝜕𝐽 𝜃𝑖

𝜕𝑤1

𝜕𝐽 𝜃𝑖

𝜕𝑤2

𝜕𝐽 𝜃𝑖

𝜕𝑏

1
wx1

x2 
w2

b

y

1

z z
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𝛻𝜃𝐽 𝜃 =

𝜕𝐽 𝜃

𝜕𝑤1

𝜕𝐽 𝜃

𝜕𝑤2

𝜕𝐽 𝜃

𝜕𝑏

𝜃𝑖+1 ← 𝜃𝑖 − 𝜂𝛻𝜃𝐽(𝜃
𝑖)



To compute the Gradients

• If square loss
• ො𝑦 = 𝜎 𝑊𝑥 + 𝑏 = 𝜎 𝑤1𝑥1 +𝑤2𝑥2 + b
• 𝐽 𝜃 = 𝜎 𝑊𝑥 + 𝑏 − 𝑦 2

•
𝜕𝐽 𝜃

𝜕𝑤1
= 2 𝜎 𝑊𝑥 + 𝑏 − 𝑦 1 − 𝜎 𝑊𝑥 + 𝑏 𝜎 𝑊𝑥 + 𝑏 𝑥1

•
𝜕𝐽 𝜃

𝜕𝑤2
= 2 𝜎 𝑊𝑥 + 𝑏 − 𝑦 1 − 𝜎 𝑊𝑥 + 𝑏 𝜎 𝑊𝑥 + 𝑏 𝑥2

•
𝜕𝐽 𝜃

𝜕𝑏
= 2 𝜎 𝑊𝑥 + 𝑏 − 𝑦 1 − 𝜎 𝑊𝑥 + 𝑏 𝜎 𝑊𝑥 + 𝑏

1
wx1

x2 
w2

b
1

z z

Algorithm

Initialization: start at 𝜃0

while(𝜃(𝑖+1)  ≠ 𝜃𝑖)
{compute gradient at 𝜃𝑖

update parameters

}𝜃𝑖+1 ← 𝜃𝑖 − 𝜂𝛻𝜃𝐽(𝜃
𝑖)



Gradient Descent for Neural Network

Algorithm

Initialization: start at 𝜃0

while(𝜃(𝑖+1)  ≠ 𝜃𝑖)
{

compute gradient at 𝜃𝑖

update parameters

}
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𝜃𝑖+1 ← 𝜃𝑖 − 𝜂𝛻𝜃𝐽(𝜃
𝑖)

𝛻𝐽 𝜃 =

⋮
𝜕𝐽 𝜃

𝜕𝑤𝑖𝑗
𝑙

⋮
𝜕𝐽 𝜃

𝜕𝑏𝑖
𝑙

⋮



Gradient Computation: Sigmoid Unit

𝑓 𝑧 = 𝜎(𝑧), 𝑓′ 𝑧 = 𝜎 𝑧 ൫1



Gradient Computation:Tanh Unit

• 𝑓 𝑧 = tanh 𝑧 = 2𝜎 2𝑧 −
1 and tanh′ 𝑧 = 1 − 𝑓 𝑧 2

• tanh(𝑧) approximates linear 
function when 𝑧 is small

•Often it is preferable to 
sigmoid in feedforward 
neural nets (zero-centered)

• Problem: still kill gradient 
when saturated 



Gradient Computation: ReLU

• 𝑓 𝑧 = max 𝑧, 0

𝑓′ 𝑧 = ቊ
1, 𝑧 ≥ 0
0, o. w.

• Models are easier to optimize if 
their behavior is close to linear

• Converge much faster than 
sigmoid and tanh in practice (6x 
faster)

• Not differentiable at z = 0, but it 
is not a problem in practice

• Not zero-centered

• Fragile during training and can 
“die”



Gradient Computation: Leaky ReLU

• 𝑓 𝑎 = max 𝑧, 0.01𝑧 `

𝑓′ 𝑎 = ቊ
1, 𝑧 ≥ 0

0.01, o.w.
•Will not die

• Parametric ReLU
• 𝑓 𝑧 = max(𝑧, 𝜇𝑧)

• 𝑓′ 𝑧 = ቊ
1, 𝑧 ≥ 0
𝜇, 𝑜. 𝑤.

• Update 𝜇 through backpropagation 



Gradient Computation: Exponential 
Linear Unit (ELU)

•𝑓 𝑧 = ቊ
𝑧, 𝑧 ≥ 0
𝜇 𝑒𝑧 − 1

•𝑓′ 𝑧 = ቊ
1, 𝑧 ≥ 0
𝜇𝑒𝑧, 𝑜. 𝑤.

•All benefit of ReLU

•Almost zero-centered

•Compute exp() 



Gradient Computation: Maxout

•𝑓 𝑧 = max 𝑤1𝑧 + 𝑏1, 𝑤2𝑧 + 𝑏2
•Generalization of Leaky ReLU and ReLU

•Double the number of parameters

Goodfellow, I., Warde-Farley, D., Mirza, M., Courville, A., & Bengio, Y. (2013, May). Maxout networks. In International Conference on Machine Learning (pp. 

1319-1327). 



Softmax

•Cross-entropy: 

𝐻 𝑝, 𝑞 = −

𝑥

𝑝 𝑥 log(𝑞 𝑥 )

• In multiclass classification, 
𝐲 = 0,0,0, … , 0,1,0,0, … 0 𝑇 ∈ ℝ𝐶,

Then
𝐽 = 𝐻 𝐲, 𝐡 = − log ℎ𝑦

where ℎi = 𝑓𝑖 𝐳 =
exp 𝑧𝑖

σ𝑐
𝐶 exp 𝑧𝑐

= P(𝑦 = 𝑖|𝐳), 1 ≤ 𝑖

≤ 𝐶.

𝑦-th



Softmax

•𝛻𝐡𝐽 = 0,… , 0, −ℎ𝑦, 0, … , 0
𝑇

•𝛻𝐳𝐽 =
𝜕𝐡

𝜕𝐳

𝑇
𝛻𝐡𝐽 = −

1

ℎ𝑦
𝛻ℎ𝑦 𝐳 = − (𝐞𝑦 − 𝐡)

Jang, E., Gu, S., & Poole, B. (2016). Categorical reparameterization with gumbel-softmax. arXiv preprint arXiv:1611.01144.



In Practice

•For forward nn
• Use ReLU, be careful with the learning rate

• Tryout Leaky ReLU, ELU and Maxout

• Tryout Tanh with low expectation

• Never use sigmoid 



Gradient Descent for Neural Network

Algorithm

Initialization: start at 𝜃0

while(𝜃(𝑖+1)  ≠ 𝜃𝑖)
{

compute gradient at 𝜃𝑖

update parameters

}
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𝜃𝑖+1 ← 𝜃𝑖 − 𝜂𝛻𝜃𝐽(𝜃
𝑖)

𝛻𝐽 𝜃 = ⋯ ,
𝜕𝐽 𝜃

𝜕𝑤𝑖𝑗
𝑙 , ⋯ ,

𝜕𝐽 𝜃

𝜕𝑏𝑖
𝑙 , ⋯

𝑇

To compute the gradients of millions of parameters efficiently, we use

backpropagation.



Gradient Descent Issue

•After see all training samples, the model can be 
updated slowly.

• It is too expensive to compute the full gradient

Thus, we have stochastic gradient descent (SGD) 



Stochastic Gradient Descent

For 𝑡 = 1,2,3,… (epoch means one pass over the full training 
set)

sample 𝑖 ∈ {1,2,… , 𝑛}

𝐬 = 𝛻𝑙 𝑓 x 𝑖 , 𝜽(𝑡) , 𝑦 𝑖 + 𝜆𝛻Ω 𝜽(𝑡)

𝜽(𝑡+1) = 𝜽(𝑡) − 𝜂 ⋅ 𝐬

•Computing stochastic gradient is much cheaper than 
full gradient



Gradient Descent v.s. SGD

Gradient Descent

Update after seeing all examples

Stochastic Gradient Descent

If there are 20 examples, update  20 
times in one epoch.

1 epoch

See all

examples

See only one  

example

62SGD approaches to the target point faster than gradient descent



Mini-Batch SGD



Handwriting Digit Classification

Batch size = 1 Gradient Descent

Training speed: mini-batch > SGD > Gradient Descent



Big Issue: Local Optima

•Neural networks has no guarantee for obtaining 
global optimal solution

•Saddle points

Advanced practical tips (to be presented in the 

last lecture)



Summary: How to Train Multilayer 
Neural Nets?

•Define the loss function 𝑙(, ) properly

•A procedure to compute loss 𝑙(, ) (forward 
propagation)

•A procedure to compute gradient 𝛻𝑙(, ) (back 
propagation)

•Regularizer and its gradient Ω(, ) and 𝛻Ω(, )

•Perform gradient based optimization method



Forward/Backward Propagation



Overview

•Model Architectures
• Artificial neurons

• Activation function and saturation

• Feedforward neural nets

•How to train a neural net
• Loss Function Design

• Optimization
• Gradient Descent and Stochastic Gradient Descent

• Back-propagation



Forward v.s. Back Propagation

• In a feedforward neural network
◦ forward propagation

◦ from input 𝑥 to output 𝑦 information flows forward through the network

◦ during training, forward propagation can continue onward until it produces a 
scalar cost J(θ)

◦ back-propagation

◦ allows the information from the cost to then flow backwards through the  
network, in order to compute the gradient

◦ can be applied to any function

1
x

x2

……

y1

y2

… …

…

…

… yMxN
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Chain Rule

x

z

f

y

f

f

w

forward propagation for loss (cost)

back-propagation for gradient

70



Gradient Descent for Optimization

Algorithm

Initialization: start at 𝜃0

while(𝜃(𝑖+1)  ≠ 𝜃𝑖)
{

compute gradient at 𝜃𝑖

update parameters

}
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𝛻𝐽 𝜃 =

⋮
𝜕𝐽 𝜃

𝜕𝑤𝑖𝑗
𝑙

⋮
𝜕𝐽 𝜃

𝜕𝑏𝑖
𝑙

⋮

𝜃𝑖+1 ← 𝜃𝑖 − 𝜂𝛻𝜃𝐽(𝜃
𝑖)



…
…

Layer l
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2
al1

l1a j…
…

Layer l1

i
a l…

…
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2

j i

i
bl

1
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𝜕𝐽 𝜃

𝜕𝑤𝑖𝑗
𝑙

𝜕𝐽 𝜃

𝜕𝑤𝑖𝑗
𝑙 =

𝜕𝐽 𝜃

𝜕𝑧𝑖
𝑙

𝜕𝑧𝑖
𝑙

𝜕𝑤𝑖𝑗
𝑙



…
…

Layer l

1

2
al1

l1a j…
…

Layer l1

i
a l…

…

1

2

j i

i
bl

1

20

𝜕𝑧𝑖
𝑙

𝜕𝑤𝑖𝑗
𝑙



Layer l
…
…

i

bl  

i

1

…
…

xr

1

xr

2

j
x r

Input

𝜕𝑧𝑖
𝑙

𝜕𝑤𝑖𝑗
𝑙



…
…

Layer l

1

2
al1

l1a j…
…

Layer l1

i
a l…

…

1

2

j i

i
bl

1

𝜕𝐽 𝜃

𝜕𝑤𝑖𝑗
𝑙

𝜕𝐽 𝜃

𝜕𝑤𝑖𝑗
𝑙 =

𝜕𝐽 𝜃

𝜕𝑧𝑖
𝑙

𝜕𝑧𝑖
𝑙

𝜕𝑤𝑖𝑗
𝑙



…
…

Layer l

1

2
al1

l1a j…
…

Layer l1

i
a l…

…

1

2

j i

i
bl

1
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𝜕𝐽 𝜃

𝜕𝑤𝑖𝑗
𝑙

𝜕𝐽 𝜃

𝜕𝑤𝑖𝑗
𝑙 =

𝜕𝐽 𝜃

𝜕𝑧𝑖
𝑙

𝜕𝑧𝑖
𝑙

𝜕𝑤𝑖𝑗
𝑙



…
…

Layer l-1

1

2

j
…

…

1

2

i

Layer l

…
…

1

2

k

Layer l+1

…
…
…
…

…
…

…
…

1

2

n

Layer L  
(output layer)

i
δ l

δ l

2

lδ1

k
δl1

2
δl1

1
δl1

n
δL

2
δL

δL

1

δ l δl1
δLδL-1

the propagated gradient  

corresponding to the l-th layer

Idea: computing 𝛿𝑙 layer by layer (from 𝛿𝐿 to 𝛿1) is more efficient

𝜕𝐽 𝜃

𝜕𝑧𝑖
𝑙

𝜕𝐽 𝜃

𝜕𝑤𝑖𝑗
𝑙 =

𝜕𝐽 𝜃

𝜕𝑧𝑖
𝑙

𝜕𝑧𝑖
𝑙

𝜕𝑤𝑖𝑗
𝑙



Idea: from L to 1

(1) Initialization: compute 𝛿𝐿

(2) Compute 𝛿𝑙 based on𝛿𝑙+1

𝜕𝐽 𝜃

𝜕𝑧𝑖
𝑙 = 𝛿𝑖

𝑙



Idea: from L to 1

(1) Initialization: compute 𝜹𝑳

(2) Compute 𝛿𝑙 based on𝛿𝑙+1

𝜕𝐽

𝜕𝑦𝑖
depends on the loss function
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𝜕𝐽 𝜃

𝜕𝑧𝑖
𝑙 = 𝛿𝑖

𝑙

𝛿𝑖
𝐿 =

𝜕𝐽

𝜕𝑧𝑖
𝐿 =

𝜕𝐽

𝜕𝑦𝑖

𝜕𝑦𝑖

𝜕𝑧𝑖
𝐿

𝛿𝐿 = 𝛻𝐽 𝑦 ⊙ 𝛻a zL



(1) Initialization: compute 𝜹𝑳

(2) Compute 𝛿𝑙 based on𝛿𝑙+1
…

…

2

i

Layer l

1

…
…

1

2

k

Layer l+1

i
δ l

δ l

2

δ l

1

k
δl1

2
δl1

1
δl1

δl1δ l

𝜕𝐽 𝜃

𝜕𝑧𝑖
𝑙 = 𝛿𝑖

𝑙

Δzl  Δal  
i i

1
Δzl1

2
Δzl1

k
Δzl1

…
…

Δ𝐽

𝛿𝑖
𝑙 =

𝜕𝐽

𝜕𝑧𝑖
𝑙 =

𝑘

(
𝜕𝐽

𝜕𝑧𝑘
𝑙+1

𝜕𝑧𝑘
𝑙+1

𝜕𝑎𝑖
𝑙

𝜕𝑎𝑖
𝑙

𝜕𝑧𝑖
𝑙)

=
𝜕𝑎𝑖

𝑙

𝜕𝑧𝑖
𝑙 

𝑘

(
𝜕𝐽

𝜕𝑧𝑘
𝑙+1

𝜕𝑧𝑘
𝑙+1

𝜕𝑎𝑖
𝑙 )



(1) Initialization: compute 𝜹𝑳

(2) Compute 𝛿𝑙 based on𝛿𝑙+1
…

…

2

i

Layer l

1

…
…

1

2

k

Layer l+1

i
δ l

δ l

2

δ l

1

k
δl1

2
δl1

1
δl1

δl1δ l

𝜕𝐽 𝜃

𝜕𝑧𝑖
𝑙 = 𝛿𝑖

𝑙

𝛿𝑖
𝑙 =

𝜕𝑎𝑖
𝑙

𝜕𝑧𝑖
𝑙 

𝑘

(
𝜕𝐽

𝜕𝑧𝑘
𝑙+1

𝜕𝑧𝑘
𝑙+1

𝜕𝑎𝑖
𝑙 )

=
𝜕𝑎𝑖

𝑙

𝜕𝑧𝑖
𝑙 

𝑘

𝛿𝑘
𝑙+1𝑤𝑘𝑖

𝑙+1

= 𝛻𝑎𝑖
𝑙 𝑧𝑖

𝑙 

𝑘

𝛿𝑘
𝑙+1𝑤𝑘𝑖

𝑙+1



Rethink the propagation

…
…

i

Layer l
…

…

1 1

2 2

k

Layer l+1

i
δ l

lδ2

δ l

1

k
δl1

l1δ2

1
δl1

δl1δ l

i
δ l

× 𝛻
𝑎𝑖
𝑙 𝑧𝑖

𝑙

i

multiply a

constant

k
δl1

2
δl1

1
δl1

…
…

output

input
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𝛿𝑖
𝑙 = 𝛻𝑎𝑖

𝑙 𝑧𝑖
𝑙 

𝑘

𝛿𝑘
𝑙+1𝑤𝑘𝑖

𝑙+1

𝜕𝐽 𝜃

𝜕𝑧𝑖
𝑙 = 𝛿𝑖

𝑙

𝛿𝑙 = 𝛻𝑎 𝑧𝑙 ⊙ 𝑊𝑙+1 𝑇
𝛿𝑙+1



Idea: from L to 1

(1) Initialization: compute 𝛿𝐿

(2) Compute 𝛿𝑙 based on𝛿𝑙+1

𝜕𝐽 𝜃

𝜕𝑧𝑖
𝑙 = 𝛿𝑖

𝑙

𝛿𝑙 = 𝛻𝑎 𝑧𝑙 ⊙ 𝑊𝑙+1 𝑇
𝛿𝑙+1

𝛿𝐿 = 𝛻𝐽 𝑦 ⊙ 𝛻a zL

𝜕𝐽 𝜃

𝜕𝑤𝑖𝑗
𝑙 =

𝜕𝐽 𝜃

𝜕𝑧𝑖
𝑙

𝜕𝑧𝑖
𝑙

𝜕𝑤𝑖𝑗
𝑙
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…
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Layer L  
(output layer)
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δ l
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lδ1
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n
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δL

δL
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δ l δl1
δLδL-1



Backpropagation

Forward Pass

⋮

⋮

k
al1

2
al1

1
al1

…
…

1

2

i

…
…

1

2

k
i

al

Layer l+1

a
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2

la1

l

a l al1

Layer l

𝜕𝐽 𝜃

𝜕𝑤𝑖𝑗
𝑙 =

𝜕𝐽 𝜃

𝜕𝑧𝑖
𝑙

𝜕𝑧𝑖
𝑙

𝜕𝑤𝑖𝑗
𝑙



Backpropagation

Backward Pass
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…
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i
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δ l
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δ l

1

k
δl1

2
δl1

1
δl1

l1δδ l

𝜕𝐽 𝜃

𝜕𝑤𝑖𝑗
𝑙 =

𝜕𝐽 𝜃

𝜕𝑧𝑖
𝑙

𝜕𝑧𝑖
𝑙

𝜕𝑤𝑖𝑗
𝑙

𝜕𝐽 𝜃

𝜕𝑧𝑖
𝑙 = 𝛿𝑖

𝑙

𝛿𝐿 = 𝛻𝐽 𝑦 ⊙ 𝛻a zL

𝛿𝐿−1 = 𝛻𝑎 𝑧𝑙 ⊙ 𝑊𝑙+1 𝑇
𝛿𝑙+1

𝛿𝑙 = 𝛻𝑎 𝑧𝑙 ⊙ 𝑊𝑙+1 𝑇
𝛿𝑙+1

⋮

⋮



Reading Materials

•Automatic Differentiation in Machine Learning: a 
Survey (2015)

https://arxiv.org/pdf/1502.05767.pdf


Summary: How to Train Multilayer 
Neural Nets?

•Define the loss function 𝑙(, ) properly

•A procedure to compute loss 𝑙(, ) (forward 
propagation)

•A procedure to compute gradient 𝛻𝑙(, ) (back 
propagation)

•Regularizer and its gradient Ω(, ) and 𝛻Ω(, )

•Perform gradient based optimization method



Summary

•Model Architectures
• Artificial neurons

• Activation function and saturation

• Feedforward neural nets

•How to train a neural net
• Loss Function Design

• Optimization
• Gradient Descent and Stochastic Gradient Descent

• Back-propagation


